RAMSEY THEORY FOR WORDS OVER AN INFINITE ALPHABET 



VASSILIKI FARMAKI 

Abstract. A complete partition theory is presented for w-located words (and uj- 
words), namely for located words w = Wn-i---Wni, over an infinite alphabet E = 
{ai, q;2, . . .}, such that Wm G {ai, q;2, . . • , a/£„, } for every 1 < i < I, where k = 
(/c„)„gN G is a fixed increasing sequence. This theory strengthens in an essen- 
tial way the classical Carlson, Furstenberg-Katznelson, and Bergelson-Blass-Hindman 
partition Ramsey theory for words over a finite alphabet. Consequences of this theory 
are strong simultaneous extensions of the classical Hindman, Milliken- Taylor partition 
theorems, and of a van der Waerden theorem for general semigroups, extending results 
of Hindman-Strauss and Bciglbock. 



Introduction 

The concept of a word over a finite alphabet was introduced in Ramsey theory by 
Hales- Jewett |Ha Jj . providing a purely combinatorial proof of van der Waerden's theorem 
[vdW] on the existence of arbitralily long arithmetic progressions in one of the cells of 
any partition of the positive integers. Subsequently, words over a finite alphabet, in the 
work of Carlson [C] and Furstenberg-Katznelson [FuKj . proved an essential tool for the 
unification of the two branches of Ramsey theory, the one involving Ramsey's classical 
theorem [Rj and Nash- Williams type partition theorem [NWj . and its extensions by 
Hindman [H] and Milliken [M] -Taylor [T] . the other the van der Waerden and the Hales- 
Jewett theorems, just mentioned. These tools were extended and strengthened, with the 
systematic introduction of Schreier sets, in |FN1] , |FN2] . 

The concept of a located word over a finite alphabet E introduced formally by Bergelson- 
Blass-Hindman in |BBH] as a function from a finite subset of the set N of natural numbers, 
the support and location of the word, into the alphabet E. They established a parti- 
tion theorem for located words over a finite alphabet and also a Ramsey type and a 
Nash- Williams type partition theorem for located words over a finite alphabet. 

In all these results, the alphabet S under consideration is always assumed to be finite. 
It is clear that these combinatorial results do not generally hold if E is assumed to be 
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infinite, since e.g. it is generally impossible to find a monochromatic infinite arithmetic 
progression for every finite coloring of the set of natural numbers. However, it might still 
be possible to relax the strict finiteness condition for the alphabet. 

In the present work we introduce a relaxation as follows: we start with an infinite 
alphabet S = {ai,a2, ■ ■ .}, ordered according to the natural numbers, and a sequence 
k = {kn)nef'i of positive integers, the dominating sequence, and we define an tu-located 
word over S dominated by A; to be a located word w = Wm ■ ■ ■ Wm over E such that in 
addition Wm € {ai, 0^2, . . . , ttfc„. } for every 1 < i < I. Similarly a word w = Wi . . .Wi 
over E is an cj-word over S dominated by k if Wi & {ai, 02, . . . , aki} for every 1 < i < I. 
Thus words and located words are cj-words and a;-located words, in case the dominating 
sequence (fc„)„gN is a constant sequence. 

It turns out that the whole of infinitary Ramsey theory can be obtained for an infinite 
alphabet under the condition of functional domination. We thus obtain: 

(a) Partition theorems for cj-located words over an infinite countable alphabet (in 
Theorems 1 1 . 1 [ fL4l Corollary 11.31) . as well as partition theorems for (unlocated) tu- words 
(in Theorem II. 5p providing proper extensions of Bergelson-Blass-Hindman's partition 
theorem (Theorem 4.1 in [BBH] ) for located words over a finite alphabet and Carl- 
son's partition theorem for words over a finite alphabet (Lemma 5.9 in [C]) respectively. 
As consequences of these theorems, we prove partition theorems for semigroups (Corol- 
lary [L6]), including the results of Hindman and Strauss in [HSj (Theorems 14.12, 14.15), 
which are simultaneous extensions of the Hindman [H] and the van der Waerden [vdW] 
partition theorems. 

(b) Extended Ramsey type partition theorems for each countable ordinal ^ for variable 
and constant cj-located words (in Theorems 12.51 and 12.81) . involving the ^-Schreier se- 
quences of cij-located words, which results imply an ordinal extension of Bergelson-Blass- 
Hindman's Ramsey type partition theorem for words over a finite alphabet (Theorem 
5.1 in |BBHj ). corresponding to the case of finite ordinals, and strengthen Furstenberg- 
Katznelson's Ramsey type partition theorem (Theorems 2.7 and 3.1 in [FuK] ) for words 
over a finite alphabet (Theorem l2.13l) . Furthermore consequences of Theorem 12.51 are mul- 
tidimentional partition theorems for semigroups corresponding to each countable order 
^ (Corollaries I2.10[ I2.12p providing strong simultaneous extension of the block- Ramsey 
partition theorem for every countable ordinal, proved in |FNlj . and van der Waerden's 
theorem in [vdW] and extending the partition theorem of Beiglbock in [BeJ for commu- 
tative semmigroups, corresponding to the case of finite ordinals. 
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(c) A partition theorem for infinite orderly sequences of variable cj-located words (The- 
orem [3]T3j) , which can be said to be a Nash- Williams type partition theorem for variable 
cj-located words, strengthening and extending the partition theorem for infinite sequences 
of variable located words over a finite alphabet proved in [BBH] (Theorem 6.1) and also 
Carlson's partition theorem (Theorem 2 in [C]) for infinite sequences of variable words 
over a finite alphabet. As a consequence of Theorem 13.141 we prove, in Theorems 13.181 
and l3.19| partition theorems for infinite sequences in a commutative and in a noncommu- 
tative semigroup, respectively which are strong simultaneous extensions of the infinitary 
partition theorem of Milliken [M] , Taylor [T] and van der Waerden [vdW] applied to semi- 
groups. In order to state Theorem 13.181 below, let N = {1,2, . . .} be the set of positive 
integers and for a sequence {xn)nm in a semigroup (X, +) let 

FS {{xn)nen) = {xni + . . . + x^;, : A G N, < ■ ■ ■ < G N} , and 

[FS{{xn)nen)Y = {(yn)neN : Vn G FS{{xn)nen) and ?/„ < i/n+i for every n G N}. 

For ?/ = + . . . + Xn^,z = Xm^ + . . . + x^, G FS[{xn)nen) we write y < z li nx < mi. 

Theorem 3.18. Let (X, +) he a commutative semigroup, k = {knjnen ^ N an increasing 
sequence and {yi,n)neN for every I G N, sequences in X. If U C is a pointwise 
closed family of X^ , then there exist sequences (-E'„)„gN one? {Hn)nm of non-empty finite 
subsets of N satisfying max_E„ < min_E„+i, Hn C En for every n G N and a sequence 

{Pn)nen ^ X, where /9„ = J2jeEn\H„yi"d /^'^ ^ — ^7 — ^i' ^'^^^ ^^^^ ■^^'^ every function 
f : N ^ N with f{n) < kn for every n G N 

either [FS {{pn + T.teH,,yf(n),t)nen)Y {F^{k^n^Y.t^u,,Vf(n),t)nm)Y - 

(d) An Ellentuck type characterization of completely Ramsey partitions of the set of 
infinite orderly sequences of cj-located words (in Theorem 14. 7p . 

The essentially stroger nature of this Ramsey theory for functionally dominated words 
over an infinite alphabet developed in this paper makes it reasonable to expect that will 
find substantial applications in Ramsey ergodic theory and in various other branches of 
mathematics. 

1. Partition theorems for cu-located words 

The purpose of this section is to prove a partition theorem for tu-located words over 
an infinite countable alphabet S = {«i,a2, • • •}, dominated by a sequence k = {kn)neN 
(Theorems 11.11 11.41 Corollary II. 3p as well as a partition theorem for unlocated cj-words 
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over the alphabet S dominated by the sequence k (Theorem 11.51) providing proper ex- 
tensions of Bergelson-Blass-Hindman's partition theorem (Theorem 4.1 in [BBH] ) for 
located words over a finite alphabet and of Carlson's partition theorem (Lemma 5.9 in 
[C] ) for unlocated words over a finite alphabet respectively. Consequences of this theory 
are strong simultaneous extentions of the partition theorems of Hindman [H] and van 
der Waerden [vdW] for general semigroups, including the partition theorems of Hindman 
and Strauss in [HSj (Theorems 14.12, 14.15). 

Let S = {ai,a2,---} be an infinite countable alphabet, ordered according to the 
natural numbers, and let k = (fc„)neN C N be a sequence of natural numbers. An u- 
located word over S dominated by A; is a function w from a non-empty, finite subset F 
of N into the alphabet S such that w{n) = Wn & {ai, 02, • • • , «fe„} for every n E F. So, 
the set -L(S, k) of all (constant) tu-located words over S dominated by k is: 

L(S, k) = {w = Wm . . .Wni ■■ I e N,ni < ■ ■ ■ < m e N and Wn, G {ai, 02, . . . , } 

for every 1 < i < I}, 

where the set dom{w) = {rii, ... ,ni} is the domain of the u;- located word w = Wm ■ ■ ■ 10^- 
Let t; ^ E be an entity which is called a variable. The set L^E, k; v) of all the variable 

uj-located word over S dominated by k is: 

L(E, k;v) = {w = . . .Wni : I eN,ni < ■ ■ ■ < ni eN, Wn, G {v, ai, 0^2, ... , ak„^ } 

for every 1 < i < I and there exists 1 < i < I with w„. = v}. 

We set L(S U {v}, k) = L(S, k) U L(S, k; v). 

We endow the set L(S U {v}, k) with a relation defining for w,u & L(S U {v}, k) 

w < u max (iom(w) < mm dom{u). 

For = ■ ■ ■ Wn^, u = • ■ ■ ^^m; G -^(^ U {v} , k) with w < M we define the concate- 
nating word W -kU = Wni ■ ■ ■ WnrUmi ■ ■ ■ Umi G L(S U {v} , k) . 

We will define now for every pGNU{0}the functions 

Tp : L(S U {v}, k) — > L(S U {v}, k). 

Let w = . . . G L(S U {v}, k). We set Tq{w) = w and for p G N we set Tp{w) = 
■ ■ - Uni, where, for 1 < z < /, we define = if 10^ G S, = if = i; and 
kn, > P and finally Un, = ak„^ if = v and A;„^ < p. 

We remark that for every p G N U {0} and w = . . .Wm G L(S U {v}, k) we have 
dom(Tp{w)) = dom{w), Tp{w) = w ii w & L(T,, k) and Tp{w) = Tp^^{w) ii w E L(J2, k; v) 
and p > Pw = kn^, where = maxjnj : I < i < l^w^ = v}. Also, Tp{w -k u) = 
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Tp{w) -k Tp{u) for w,u E LiT, U {v}, k) with w < u and Tp(L(S U {v}, k)) = L{T,, k) for 
every p G N. 

With the previous terminology we can state the partition theorem for cj-located words. 

Theorem 1.1 (Partition theorem for c<j-located words). Let S = {«!, • • •} be an infinite 
countable alphabet, t; ^ S a variable, k = {kn)neN ^ N and r, s G N. // k; v) = 
AiU- ■ - UAr and L{T,,k) = CiU ■ ■ - UCs, then there exist a sequence {wn)nm ^ LiT,,k; v) 
with Wn < Wn+1 for every n G N and I < io < r, 1 < jo < s such that 

for every X G N, rii < ■ ■ ■ < rix G N, pi, . . . G N U {0} such that < Pi < k^ for 
every I < i < \ and G {pi, . . . ,Px}; and 

Tp^ (^m) * • • • ^ Tp^ i'^nx) G 

for every X E N, rii < ■ ■ ■ < nx & ^ and pi, . . . ,px G N such that 1 < Pi < k^ for every 
l<i<X. 

In the proof of Theorem 11.11 we will apply some results of the theory of left compact 
semigroups, which we mention below. 

Left compact semigroups. A non-empty, left compact semigroup is a semigroup {X, +), 
X 7^ endowed with a topology 1 such that (X, X) is a compact Hausdorff space and 
the maps fy : X — > X with fy{x) = x + ?/ for x G X are continuous for every y G X. 

Let (X, +) be a semigroup. An element a; of X is called idempotent of (X, +) if 
x + x = X. According to a fundamental result due to Ellis, every non-empty, left compact 
semigroup contains an idempotent. On the set of all idempotents of (X, -|-) is defined a 
partial order < by the rule 

xi < X2 <^==^ xi X2 = a;2 xi = xi. 
An idempotent x of (X, -|-) is called minimal for X if every idempotent xi of X satisfing 
the relation xi < x is equal to x. According to |FuKj . for every idempotent x of a 
non-empty, left compact semigroup (X, -|-) there exists an idempotent Xi of X which is 
minimal for X and Xi < x. Also, every two-sided ideal of X contains all the minimal for 
X idempotents of X (a subset / of X is called two-sided ideal of (X, -|-) if X -|- J C / and 
I + X CI). 

Ultrafilters. Let X be a non-empty set. An ultrafilter on the set X is a zero-one finite 
additive measure n defined on all subsets of X. The set of all ultrafilters on the set X is 
denoted by PX. So, fi E [3X if and only if 
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(i) e {0, 1} for every ACX, /i(X) = 1, and 

(ii) fi{A UB) = fi{A) + fi{B) for every A,B CX with A n 5 = 0. 

For every x G X is defined the ultrafilter fi^ on X corresponding a set A C X to 
^x{A) = 1 if X G A and fix{A) = if x ^ A. The ultrafihers fix for x G X are called 
principal ultrafilters on X. So, /i is a non-principal ultrafilter on X if and only if fi{A) = 
for every finite subset A of X. It is easy to see that for fi G j3X and A C X with /i(v4) = 1 
we have /i(X \ A) = 0, = 1 for every B C X with A C 5 and f] B) = 1 for 

every i? C X with /i(-B) = 1. 

The set jSX becomes a compact HausdorfF space if it be endowed with the topology T 
which has basis the family {A* : A C X}, where A* = {yU G f3X : n{A) = 1}. It is easy 
to see that {A n B)* = A* n B\ {A U B)* = A* VJ B* and (X \ A)* = (3X\A* for every 
^4, i? C X. We always consider the set (3X endowed with the topology T. 

Let a function T : X — > Y. Then the function 

/3T:pX — ^ (3Y with (3T{ij,){B) = fi{T-^{B)) for /i G /5X and 5 C y 
is always continuous. 

If (X, +) is a semigroup, then a binary operation + is defined on f3X corresponding to 
every /ii, /i2 G [3X the ultrafilter /ii + /i2 G /5X given by 

(/Wi + /U2)(^) = G X : fi2{{y e X : X + y e A}) = 1}) for every AC X. 

With this operation the set jSX becomes a semigroup and for every n G (3X the function 
: /5X — ^ /3X with /^(/ii) = /ii + /i is continuous. 

Hence, if (X, +) is a semigroup, then (/5X, +) becomes a left compact semigroup. 

Proof of TheoremUJi Let X = L(S U {v},k), Y = L{E,k) and Z = L{E,k;v). We 
endow the set X with an operation + defining for w = Wm ■ ■ ■ Wn^jU = ■ ■ ■ u„n G X 

W + U = Zq^ . . . Zq^ G X, 

where {gi, . . . , g^} = {ni, . . . , n^} U {mi, . . . , m/} with gi < . . . < g,, and, for 1 < ? < s, 
Zq^ = Wg^ if qi ^ {mi, . . . , mi}, Zg^ = Ug^ if qi ^ {ni, . . . , and if qi G {ni, . . . , H 
{mi, . . . , mz}, then = a^a.x{fi,u} in case lUg^ = and = aj., and Zg^ = i; in case 
either Wa = v or Wg = v. 

Observe that (X, +) is a semigroup and (Y, +), {Z, +) are subsemigroups of (X, +). Also, 
w + u = w-ku if w,ueX and w < u. 

Since (X, +) is a semigroup, (/5X, +) has the structure of a left compact semigroup as 
described above. For every A O X and w G X we set 
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= {u & A : w < u} and 



where {A^)* = {fi e (3X : fi{A^) = 1}. 

Claim 1 Let A be a non-empty subset of X satisfing 

(i) w-ku & A for every w,u E A with w < u and 

(ii) for every n e N there exists u & A with n < mm dom{u). 

Then 6 A C ^* is a non-empty left compact subsemigroup of PX and all the elements of 
9 A are non- principal ultrafilters on X. 

Indeed, for every w E X the set (Ayj)* — pX \ \ Ay^)* is a compact subset of pX , 
so 9 A is a compact subset of pX. The set A satisfies property (ii), so for every w e X, 
we have Ayj $ and consequently (Ay^)* ^ 0, since //„ e {A^^* \i u ^ A^,. Moreover, 
according to property (ii), the family {(^u,)* : w e X} has the finite intersection property, 
hence 9 A ^ 0. Since A satisfies property (i), {9 A, +) is a semigroup. Indeed, for //i, //2 £ 
9A and w e X, 

111 + iJL2{Aw) = ni{{ui e Ay, : ii2{{u2 e : + e A^}) = 1}) = 
= A^l({^il e Ay, : //2(^«i) = 1}) = MAy,) = 1. 

Hence, 9 A is a non-empty left compact subsemigroup of pX. Since w ^ Aio, we have 
that /ly; ^ for every w & X, so every e ^^4 is a non- principal ultrafilter on X. 

According to the claim, 9X, 9Y and 9Z are non-empty left compact subsemigroups of 
pX consisted of non- principal ultrafilters on X. Notice that 9Y C 9X and that 9Z C 9X. 
Moreover, 9Z is a two sided ideal of 9X. Indeed, for //i e 9Z, 1x2 G 9X and ty e X, 

//i fj.2{Zyj) = //i({iii e : iJ,2{{u2 e : 1^2 e Z^}) = 1}) = 

= lii{{ui e : /X2(^«J = 1}) = IJ-iiZy,) = 1 = /i2 + iJ-iiZy,). 

Let p e N and let the continuous function PTp : pX — )• pX with /3rp(//)(^) = 
n{{Tp)-^{A)) for every e /3X and A C X. We note that: 

(i) pTp{9X) C9Y C9X, since, for /x e and ^i; e X, 

PTp{fi){Yy,) = fi{{u e Xy, : Tp{u) e F^}) = fi{Xy,) = 1, 

(ii) PTp{fi) = fx for every e ^y, since, for fx e 9Y and A C X, 
/?Tp(/i)(A) = /x({ii e y : rp(M) = e ^}) = i_i{AnY) = /x(A), and 

(iii) for fii, fi2 £ ^X and A C. X, we have 

/3rp(/xi + At2)(A) = /xi({iii e X : IJ2{{U2 e Xu, : Tp(Mi + U2) G A}) = 1}) = 
= I2i{{ui G X : /i2({M2 G : Tp{ui) + Tp{u2) G A}) = 1}) = 

= /?r^(//i) + /?r^(//2)(A). 
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Let /Xi be an idempotent in in the non-empty, left compact semigroup 9Y minimal for 
6Y . Since 6Z is a two sided ideal of the left compact semigroup 6X and /Xi e 9Y C 9X 
is an idempotent of 9X, there exists an idempotent e 9Z C minimal for 9X with 
H < Hi- Since for each p G N the restriction of f3Tp to is an homomorphism, we 
have that f3Tp[ii) < /5Tp(/ii) for every p E N. But /9Tp(/ii) = /ii for every p E N, since 
/ii e ^y, hence, PTpi^jji) < fj,i for every p e N. Now, since /ii is minimal for 9Y and 
PTp{n) e 6*^ for every p e N, we have PTp{n) = ni for every p e N. 

In conclution, for every idempotent fj,i e 9Y C C px minimal for 9Y there exists 
an idempotent /i e 9Z C C px minimal for 9X such that: + = /x, /^i + /xi = /xi, 
/^i = l3Tp{iJi) for every p e N, and + /xi = /xi + = /x. 

We will construct, by induction on n, the required sequence {wn)n&n Q Z. Since, 
Z ^ AiU ■■ - U Ar and Y = CiU ■ ■ ■ U Cg, there exist 1 < io < r, 1 < jo < s such 
that fJ,{Aig) — 1 and /ii(Cjo) = 1. Let w E Z. Since /Xi = PTp{n) = PTp{n) + ni and 
IJ, = fj, + = PTp{fj,) + = + /^i for every p G N with p < k, starting with w & Z, 
Bi = Aif^ and Di = Cj^, can be constructed an increasing sequence w < wi < W2 < ■ • ■ 
in Z and two decreasing sequences Z D Bi D B2 ^ ■ ■ ■ , and 1^ ^ i^i ^ -D2 ^ • • • such 
that for every n e N to satisfy: 
n{Bn) = 1 and /ii(D„) = 1, 

Wn e -Bn and Tp(w„) G Z^n for every p e N with p < kn, 

Bn+i — {u E {Bn)wn '■ + u E Bn and Tp(w„) + u E Bn for all p G N with p < kn}, and 
-Dn+i = G {Dn)yj„ : Wn + z E Bn and Tp(w„) + 2; G for all p G N with p < kn}. 

We claim that the sequence (wn)nGN has the required properties. We will prove, by 
induction on A, that, for every A G N, 

Tp^iWnJ -k . . .-kTp^{WnJ ^ Bn^ ^ Bi = A^^, 

for every rii < ■ ■ ■ < n\ E N, pi, . . . ,pa G N U {0} such that < pj < for every 
1 < i < A and G {pi, . . . ,Pa}, and also 

for every ni < • • • < G N, pi, . . . ,pa G N such that 1 < Pi < for every 1 < i < A. 
Indeed, for ni G N and pi G N such that 1 < pi < /cni, we have G Bn^ and 
(w^ni ) e -Dni • Assume that the accertion holds for A > 1 and let ni < • • • < < 
n^+i G N and Pi, . . . ,Pa,Pa+i G N U {0} such that < pj < A;„. for every 1 < i < A + 1. 
Case 1 Let G {p2, . . . ,Pa,Pa+i}- Then u = Tp^{wn^)-k. . .~kTp^^^{wn^^^) e Bn^ C 
according to the induction hypothesis. Hence, 

Tp^ {U>n^ )+U^Tp^ {Wni )★...★ Tp^^^ {Wn^+i ) E Bn^. 
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Case 2 Let ^ {pa, • • • ,Px,Px+i}- Then z = Tp^{wn^)'k. . .*Tp^^^(u;„^^J G D^^ C D^^+i, 
according to the induction hypothesis. If =0, then 

Wn^+ Z = Tp^ {Wn^ Tp^^^ {Wnx+i ) ^ . 

If pi e N, then 

Tpi {Wn, ) + Z = Tp, {Wn, )ic...-k Tp^^^ {Wn^^, ) eD^,. 

This finishes the proof. □ 

Remark 1.2. The special case of Theorem 11.11 for sequences k = {kn)nef'i ^ ^ with 
kn = ki for every n G N coincide with the partition theorem of Bergelson, Blass and 
Hindman (Theorem 4.1 in |BBH] ) for located words over a finite alphabet, while the case 
k = {kn)ne'N with A;„ = 1 for every n G N gives Hindman's partition theorem ([H], |Baj ). 

Corollary 1.3. Let S = {ai,a2, ■ ■ ■} be an infinite countable alphabet, t; ^ S a variable 
and k = {kn)n(^N ^ N. Then for every A C k) with fi{A) = 1 for /i G ^L(E, k) 
minimal in 9L{T,, k) there exists a sequence {wn)n&% ^ L{T^, k; v) with Wn < Wn+i for 
every n G N such that 

Tpi (yWfi-^ ) -k . . . -k Tp^ {WnJ G A, 

for every A G N, rii < • ■ ■ < G N and pi, . . . ,px E N with I < Pi < kn^ for 1 < i < X. 

Now we will prove a stroger version of Theorem 11.11 using the notion of extracted 
C(j-located words of a given orderly sequence of variable cj-located words defined below. 

Extracted cu-located words, Extractions. Let S = {ai, a2, . . .} be an infinite count- 
able alphabet ordered according to the natural numbers, v ^ Tj a. variable and k = 
{kn)nm C N an increasing sequence. We set 

k; v) = {w = {wn)nen ■ Wn e k; v) and w„ < Wn+i V n G N}. 
Let a sequence w = {Wn)neN G L°°(S, k; v). 

An extracted variable u-located word of w is a variable tu-located word 
u = Tp^{wn^) -k . . . 'kTp^{wn^) G L(J:,k;v), 
where A G N, ni < ■ ■ ■ < nx E N, pi, . . . ,px E N U {0} with < Pi < k^ for every 
1 < i < A and G {pi, . . . ,Px}- 

The set of all the extracted variable cj-located words of w is denoted by EV{w). 
An extracted uo-located word of w is an cj-located word 

z = Tp^{wn^) -k . . .-kTp^{wny) e L{i:, k), 
where X E N, ni < ■ ■ ■ < nx E N, pi, . . . ,px E N with 1 < Pi < k^ for every 1 < i < A. 
The set of all the extracted cu-located words of w is denoted by E{w). Let 



9 



EV°°{w) = {u= {un)nm e L°°(S, k] v) -.Une EV (w) for every n e N}. 
If M G EV°^{w), then we say that u is an extraction of w and we write u -< w. Notice 
that u -< w ii and only if EV{u) C EV{w) and that w ~< e for every w G fc; t;) 

where e = (e„)„gN G L°°(S, fc; t;) with e„ : {n} {v} for every n G N. 

Theorem 1.4. Lei S = {ai,a;2, • • •} be an infinite countable alphabet, v a variable, 
k = {kn)n<=N C N an increasing sequence, w = {Wn)neN & L°°{T,,k;v) and r,s E N. If 
L{T,, k;v) = Ai U ■ ■ ■ U Ar and L{T,, k) = Ci U ■ • • U Cg, then there exist an extraction 
u = (Mn)neN of w and 1 < io < r, I < jo < s such that 

EV{u) C Ai^ and E{u) C Cj^. 

Proof. Let the function (j) : L(S U {v}, k) EV{w) U E{w) which sends t = tn-^ . . .tn^ G 
L(E U {v}, k) to . . . t„J = Tpj(w;„J -k . . .-kTp^{wnJ, where for 1 < i < A, = if 
tm = V and Pi = fi if = for 1 < < kn.. The function is one to one and onto 
EV{w) U E{w). Moreover 0(L(S, fc; v)) = EV{w) and 0(L(S, k)) = E{w). 

According to Theorem 11.11 there exist a sequence s = {sn)n€N ^ L°°{T,,k;v) and 
I < io < r, 1 < Jo < s such that EV{s) C and C Set 

) G for every Ti G N and it — (un)nS:N- Then u — {un)nS:N is 

extraction of w such that EV{u) C C Ai^ and C C C^-^. □ 

As a consequence of Theorem ll.H we will prove a partition theorem for (unlocated) 
cu-words, extending Carlson's partition theorem (Lemma 5.9 in [C]) for words over a finite 
alphabet. 

For an infinite countable alphabet S = {ai,a2, . . .}, v ^ T, and k = {kn)neN ^ N, let 
W{T,,k) be the set of cj-located words over S dominated by k with domain an initial 
segment of N and k; v) the set of variable tu-located words over S dominated by k 

with domain an initial segment of N. 

We set U {v}, k) = iy(E, k) U W{E, k; v) and we endow the set U {v}, k) with 
a relation defining for w, m G U {v},k) 

w = Wi . . . Wi < u = ui . . . Ur I < r and Ui = . . . = ui = ai. 

For w = Wi . . . wi, u = ui . . . Ur E W{T, U {v}, k) with w < u we define the concatenating 
cu-word w -k u = Wi . . . wiUi^i . . .Ur & W{T, U {v}, k). 

Let /c; v) = {w = {wn)n£N '■ Wn ^ /c; v) and w„ < w„+i W n E N}. 

Theorem 1.5 (Partition theorem for cj-words). Let S = {ai, a2, ■ ■ ■} be an infinite count- 
able alphabet, v ^ a variable, k = {kn)nen C N an increasing sequence and r, s G N. 
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// W(T,, k;v) = Ai U ■ ■ ■ U Ar and W{T,, k) = Ci U ■ ■ ■ U Cs, there exist a sequence 
{un)neN £ W°°{T,, k; v) and 1 < io < r, I < jo < s such that 

{Uni ) ^ • • • ^ '^P\ i.^nx ) ^ Aig 

for every X G N, ni < ■ ■ ■ < rix G N, pi, . . . ,p\ G N U {0} such that < Pi < for 
every I < i < \ and G {pi, . . . ,Px}; and 

for every \ E N, Ui < ■ ■ ■ < n\ & N and pi, . . . ,p\ E N such that I < Pi < k^. for every 
1 < z < A. 

Proof. Let the function / : L(S U {v}, k) — > W{I1 U {v}, k) which sends 

w = ■ ■ ■ G L(SU{f }, k) to f{w) = u = Ui . . .Urii G W{'£u{v}, k) where 

for every 1 < j < / and Ui = ai for every i G {1, . . . ,ni} \ {nj : 1 < j < /}. Then 

/(L(E, k; v)) C W{J:, k; v) and k)) C k). Also, for wi,W2 e L(S U {v}, k) 

with wi < W2 we have /(wi) < f{w2), f{wi -k W2) = f{wi) -k f{w2) and f{Tp{wi)) = 

Tp{f{wi)) for every p G N. 

According to Theorem II. there exist a sequence {wn)neN £ L°°(T,,k;v) and 1 < 
^0 < 1 < jo < s such that: Tp,(m„J ^ir . . . ^Tp^(w„^) G /"^(AjJ, for every A G N, 
Hi < ■ ■ ■ < nx E N, pi, . . . ,px E N U {0} such that < < k^ for every 1 < i < A and 
G {pi, . . ■,p\}; and Tp^(wni) * ... * ^paI^^J e /"-^(C^J, for every A G N, rii < ■ ■ ■ < 
TT-A G N and pi, . . . ,pa ^ N such that 1 < Pi < A;„. for every 1 < i < A. 

Set Un = f{wn) for every n G N. The sequence (M„)„eN ^ A;; i;) satisfies the 

required properties. □ 

We will define now a function g from the set L{H, k) of all the cu-located words over 
N dominated by an increasing sequence k into an arbitrary semigroup. Via the function 
g can be proved strong partition theorems for (commutative or noncommutative) semi- 
groups as consequences of Theorems II. 11.41 11.51 

Let (X, +) be a semigroup, k = {kn)nef'i ^ N an increasing sequence, (y«,n)neN ^ ^ for 
every I G N, and the alphabet S = {1, 2, . . .} = N. We define the function 

g : A;) X with g{wn, ■ . = ^'^^ 

Observe that g{ui -k U2) = giui) + g{u2) for every ui <U2 E L(T,, k). 

Let w = Wni---Wni G L(T,,k;v) with w„j,w„j G S. If (X, +) is a commutative 
semigroup, then for every p G N with 1 < p < kn^ 

g{Tp{w)) = J2teE\Hym,t + J2teHyp,t 
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where, E = {rii : 1 < i < /} is the domain of w and H = {n E E : Wn = v}. If {X, +) 
is a noncommutative semigroup, then there exist m G N such that E = EiU . . . U E^+i 
with maxEi < minE'j+i for 1 < z < m and H = Hi U . . . U with ^ Hi (1 Ei for 
every 1 < i < m such that for every p G N with 1 < p < kn^ 

\Hi ywt,t + XltG-ff,; yp< *)) Stgs^+i ywt,t- 

Via the function (7, Theorem 11.11 imphes the following partition theorem for commutative 
semigroups, which is an improvement of Theorem 14.12 of Hindman and Strauss in |HS] . 
and also an analogous theorem for noncommutative semigroups (Theorem 14.15 in |HS] ) . 
For a sequence (a;„)„gN in a semigroup (X, +), we set 

FS {{Xn)neN) = {Xn, + . . . + : A G N, Tii < ■ ■ • < G N} . 

Corollary 1.6. Let {X,+) be a commutative semigroup, k = {kn)neN C N an increasing 
sequence and (?/;,n)neN ^ X for every / G N,. If X = Ai U . . . U Ar, r E N is a finite 
partition of X , then there exist 1 <io<r, sequences {En)nm, (-f^n)neN, of non-empty 
finite subsets of N with max En < mini?„+i, Hn C En for every n G N and a sequence 

{Pn)n£N ^ X with Pn = J2jeEn\Hn ^'".i ■^^'^ ^ — ^1 — ^3 ^^^^ ^^^^ ■^^^ cvcry function 
f : N —>■ N with f{n) < kn for every n eN 

Proof. Since k) = g~^(Ai) U . . . U g^^(Aj.), according to Theorem II. H there exist 
('U^n)ngN ^ L(T,, k; v) with Wn < Wn+1 for every n G N and I < io < r satisfing 

Tp^{wn,)-k...'kTp^{wnJ G g'^Ai^X 

for every A G N, ni < ■ ■ ■ < riA G N and pi, . . . ,p\ E N with I < pj < kn^ for 1 < j < A. 

Let Wn = Wgn . . . for every n G N. We can suppose that w^n , w^n G S for every 
n G N. Otherwise replace the sequence (w„)„eN by the sequence {un)n&h where Un = 
Ti{w3n-i) * wsn * Ti{w3n+i)- Wc sct En = {qf 1 < i < In} the domain of w„, 
Hn = {qi e En : Wgn = v} and = 'E.jeE„\H„yw^d ^ ^- Then for every A G N, 
ni < ■ ■ ■ < nx E N and pi, . . . ,px E N with 1 < < for 1 < j < A 

iPn^+J2teH„^yput) + ■ ■ ■ + iPn^+J2teH,,^ypx,t) = g{Tp^{Wn,)-k. . .-kTp^iWnJ) E Ai^. □ 

2. Extended Ramsey type partition theorems for cj-located words 

We will state and prove, in Theorem 12.51 below, an extended, to every countable order, 
Ramsey type partition theorem for variable tu-located words over an infinite countable 
alphabet dominated by an increasing sequence. It is an extension to every countable order 
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^ of Theorem II .41 corresponding to the case ^ = 1. Theorem [53] extends Bergelson-Blass- 
Hindman's Ramsey type partition theorem (Theorem 5.1 in |BBH] ) for located words 
over a finite alphabet, corresponding to the case of finite ordinals, and Furstenberg- 
Katznelson's ( [FuKj ) Ramsey type partition theorem for words over a finite alphabet. 

Consequences of Theorem 12.51 are multidimentional partition theorems for semigroups 
corresponding to each countable order C,, providing strong simultaneous extension of the 
block- Ramsey partition theorem for every countable ordinal, proved in jFNlj . and of van 
der Waerden theorem [vdW] for general semigroups. In Corollary 12.101 we present the 
case of finite ordinals, which imply the partition theorem proved by Beiglbdck (Theorem 
1.1 in [Be]) for the particular case of commutative semigroups , and in Corollary 12 . 121 we 
present the case ^ = uj. 

The vehicle of proving this extended Ramsey type partition theorem (Theorem 12. 5p is 
the Schreier system {L^{Tj, k; v))^^^^-^ (Definition l2.2l) . consisted of families of finite orderly 
sequences of variable cu-located words over the alphabet S dominated by the sequence k. 
Instrumental for this definition are the Schreier sets consisted of finite subsets of N 
defined initially in [FT\ and completelly in |F3j . which are defined below employing (in 
case 3(iii)) the Cantor normal form of ordinals (cf. [KM], [L]). 

We denote by [X]^'^ the set of all finite subsets and by [^]>o the set of all non-empty, 
finite subsets of a set X. For si, S2 G [N]>q we write si < S2 if maxsi < mins2. 

Definition 2.1 (The Schreier system, [Fl, Def. 7], [F2, Def. 1.5] [F3, Def. 1.4]). For 

every non-zero, countable, limit ordinal A choose and fix a strictly increasing sequence 
(A„)„eN of successor ordinals smaller than A with sup„ A„ = A. The system {A^)^<^uii is 
defined recursively as follows: 

(1) = {0} and Ai = {{n} : n G N}; 

(2) ^,^+1 = {s G [N]<o : s = {n} U Si, where n G N, {n} < Si and Si G ^J; 

(3i) A^!3+i = {s E [N]^Q : s = [X^iSi, where n = minsi, Si < ■ ■ ■ < s„ and 

■^l) • • • ) "^n G 

(3ii) for a non-zero, countable limit ordinal A, 

'^uj>- = {-5 ^ [N]>o • ^ Ai^\n with n = min s}; and 
(3iii) for a limit ordinal ^ such that uj°' < C, < uj"''^'^ for some < a < cui, if 

^ = i^°'p+Yl^i ^"''Pij where m G N with m > 0, p,pi, . . . ,pm are natural numbers 
with p,pi, . . . ,Pm > 1 (so that either p > 1, or p = 1 and m > 1) and a, ai, . . . , am 
are ordinals with a > ai > ■ ■ ■ > 0, 

A^ = {se [N]<^ : s = So U (U™i Si) with s„ < ■ ■ ■ < Si < Sq, Sq = s? U ■ ■ ■ U s° 
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with < ■ ■ ■ < s° e Aoj^, and Si = s\U ■■■U s^. with s{ < ■ ■ ■ < s^. G A^j^^ 
V 1 < i < m}. 

— * 

Let E = {ai,a2, ■ ■ ■} be an infinite countable alphabet, v ^ E a variable and k — 
(^n)neN Q N. We define the finite orderly sequences of uj-located words over E dominated 

— * 

by /c as follows: 

L<°°(E, ^; t;) = {w = (wi, . . . , -u;,) : Z e N, < • • • < e L(E, ^; v)} U {0}, 

L<°°(E, ^) = {w = (wi, . . . , w,) : / e N, < • • • < e L(E, ^)} U {0}. 

The Schreier system (L^(S, A;; i;))^^^^^ is defined recursively as follows: 

Definition 2.2 (The Schreier systems (L^(E, ^; t;))^<jjj. Let E = {cci, 0:2, . . .} be an 
infinite countable alphabet, ordered according to the natural numbers, v ^ E a variable 

— * 

and k — {kn)neN Q N- We set: 
LO(E, k; v) = {0} = LO(E, k), and 
for every countable ordinal ^ > 1, 

— * — * 

L^(E, k; v) — {{wi, . . . , wi) e L^°°(E, A;; : {mindom{'Wi), . . . , imndom{wi)} e A^}, 

— * — * 

L^(E, k) — {{wi, . . . , wi) e L^°°(E, A;) : {mindom(u'i), . . . , min dom(u';)} e ^^}. 

Remark 2.3. (i) L«(S, A;; v) C L<'^(S, A:; t;) and ^ L«(S, A;; v) for every ^ > 1. 

(ii) L"*(E, A;; t;) = {(-u;!, .... Wm) : wi < ■ ■ ■ < Wm ^ L{T., k; v)} for m G N. 

(iii) I/'^(E, k; v) = {{wi, . . . , Wn) G L<°°(E, A;; z;) : n G N, and min dom{wi) = n}. 

The following proposition justifies the recursiveness of the system (I/^(E, k; f ))^<a,i. 
For a family C L<°°(E U {z;}, fc) and t G L(E U {v}, fc), we set 

JF(t) = {w G L<°^(S U {t;}. A;) : either w = (wi, . . . , w^) 7^ and {t, Wi, W2, . . . ,Wi) e 

or w = and (t) G J-'}, 

!F — t = {w G .7-" : either w = (wi, . . . , wi) 7^ and t < wi, or w = 0}. 

Proposition 2.4. For every countable ordinal ^ > 1; there exists a concrete sequence 
(Cn)neN of countable ordinals with < C that for E = {ai,a2, ■ ■ ■} an infinite 

— * — # 

countable alphabet, v ^ T, a variable, k — {kn)n&N Q N and t G L(E, A;;i'), with 
mm dom{t) — n, 

L«(S,A;;i;)(t) = L«"(S,A?;t;) n (L<°°(S, A?; t;) - t). 

Moreover, ^„ = C /^"^ ever?/ n E N if ^ = ( + 1, and {^n)neN a strictly increasing 
sequence with sup„ = C ^/ C ^■^ /imzt ordinal. 
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Proof. It follows from Theorem 1.6 in |F3j . according to which for every countable ordinal 
^ > there exists a concrete sequence (^ri)neN of countable ordinals with ^„ < ^, such 
that A^{n) = n [{n + 1, n + 2, . . .}]<'^ for every n G N, where, 
A^{n) = {s e [Nl^"^ : s G [N]<^,n < mins and {n} U s G or s = and {n} G A^}. 
Moreover, C,n = C ^oi every n G N if ^ = C + l? and {^n)nm is a strictly increasing sequence 
with sup„ = ,^ if ^ is a limit ordinal. □ 

In order to state and prove the principal result of this section, a Ramsey type partition 
theorem for cj-located words extended to every countable order, we need the following 
notation: 

Notation. Let S = {ai, a2, . . .} be an infinite countable alphabet, ordered according to 
the natural numbers, t; ^ S a variable and k = {kn)nen ^ N an increasing sequence. For 
w = {Wn)neN ^ k;v),w = {wi, . . . , wi) G k; v) and t G L(T,, k; v), we set: 

EV<°^{w) = {u= (Ml, ...,ui)e L<°°(S, k;v):le'N,Uu...,uie EViw)} U {0}; 

E<^{w) = {u= (ui, ...,ui)e L<°°(S, k) -.1 eN,ui,...,ui e E{w)} U {0}; 

EV(w) = {Tp^(wnJ -k . . . -kTp^iwn^) G k]v) : 1 < Til < ■ ■ ■ < nx < I and 
pi, . . . ,Pa G N U {0} with < Pi < A;„^ for 1 < z < A and G {pi, . . • ,Pa}}; 

E(w) = {Tp^{wn^) -k . . .-kTp^iwn^) G k;v) : I < rii < ■ ■ ■ < nx < I and 
Pi, • • • ,Pa £ N with 1 < Pi < A;„i for 1 < z < A}. 
Ey<°°(w) = {u = (ui, . . . , M,) G L<°°(S, fc; t;) : / G N, Ml, . . . , G EV{yj)} U {0}. 
Observe that the sets -EV"(w), £'(w) are finite. Also, we set 

w — t = {wn)n>i £ A;; ti), where / = min{n G N : t < ty„}, and 

w — w = w — Wl. 

Theorem 2.5 (Ramsey type partition theorem on Schreier families for variable cj-located 
words ). Let ^ > 1 6e a countable ordinal, S = {ai,a2, ■ ■ ■} be an infinite countable 
alphabet, v ^ T, a variable and k = {kn)nef'i ^ N an increasing sequence. For every 
family T C L^°°(Z1, k] v) of finite orderly sequences of variable uj-located words and every 
infinite orderly sequence w G L°°{'E, k;v) of variable uo-located words there exists an 
extraction u ~< w of w over S such that 

either L^^E, k; v) n EV<°°{u) C J^, or L^(E, k; v) H EV<^{u) C L<~(S, fc; v) \ T. 

In the proof of Theorem 12.51 we will make use of the following diagonal argument. 

Lemma 2.6. Let S = {«i,a2, . . .} be an infinite countable alphabet, v ^ a variable, 
k = {kn)neN C N an increasing sequence, w = {WnjneN ^ L°°{T,, k; v). 
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n = {{t, s) : t E L(T,, k; v), s = (s„)„gN £ L°°(T,, k; v) with s w and t < s„V n G N}. 
// a subset TlofU satisfies 

(i) for every {t, s) G 11, there exists {t, Si) eTZ with Si -< s; and 

(ii) for every (t, s) ElZ and Si -< s, we have (t, Si) ElZ, 

then there exists u -< w, such that {t, s) eTZ for all t G EV{u) and s -< u — t. 

Proof. Let uq = wi. According to condition (i), there exists si = {sDnf^n G L°°{Ti,k;v) 
with si -< w — uq such that (mo,si) G TZ. Let ui = s\. Of course, uq < ui and uo,ui G 
EV{w). We assume now that there have been constructed si, . . . , s„ G L°°(S, k; v) and 
Uq, Ui, . . . ,Un G EV (tv) , with s„ -<■■■-< Si -< lu, Mo < Ml <■■■< Mn and {t, Si) G 71 for 
all 1 < 2 < n and t G EV{{uo, . . . , Wj-i)). 

We will construct s„+i and Un+i- Let {ti, . . . , t;} = i?l^((Mo, . . . , Un))- According to 
condition (i), there exist s!^_^_i, . . . , s^j^_^_i G L°°{T,,k]v) such that s''^_^i ^ ■■■ ^ s^^^i -< 
4 - Mn and G 7^ for every 1 < i < I. Set 4+i = 4i+i- If 4+i = (■s5^"*'^)neN, 

set Un+i = s^~^^. Of course u„ < u„+i, G i^'y(w) and, according to condition (ii), 
(ti, Sn+i) G 7?. for all 1 < i < /. 

Set u = {uq, Ui,U2, ■ ■ ■) E k; v). Then u w, since Uq < Ui < . . . E EV{w). 

Let t G EV{u) and s ^ u — t. Set rig = min{n G N : t G -E'F((uo, Mi, ... , u„))}. Since 
t G -E'y(('Uo, Ml, . . . , Mno)), we have (t,Snp+i) G 7^. Then, according to (ii), we have 
(t,u — Uno) G 71, since u — Uno -< s„o+i, and also (t, s) G 7^, since s ^ u — Uno = u — t. □ 

Proof of TheoremlEE Let J" C L<°°(E, A;; t;) and w G L°°{T,,k;v). For ^ = 1 the 
theorem is valid, according to Theorem II. 4[ Let ^ > 1. Assume that the theorem is valid 
for every C < ^- L^t t G L(T,, k; v) with min domit) = n and s = {Sn)neN ^ L°°(T,, k; v) 
with s -< w and t < Sn for all n G N. According to Proposition 12. 4[ there exists ^„ < ^ 
such that 

L^(E,fc;t;)(t) = L«"(S,^;t;) n {L<^{j:,k;v) - t). 
Using the induction hypothesis, there exists si -< s such that 

either L^-{i:,k-v)nEV<^{si) C J^{t), or L^-{T.,k;v)nEV<^{si) C L<^{Y.,k-v)\J^{t). 
Then Si -< s ^ w , and 

either L«(E, A?; t;)(t) n EV"<°°(si) C J^{t), 

or L«(S, A?; v){t) n Ey<°°(si) C L<°^(S, k; v) \ T{t). 
Let 7Z = {(t, s) : t E L(J1, k; v), s = (sn)neN G L°°(S, fc; t;), s -< w, t < s„V n G N, and 

either L«(S, A?; i;)(t) n EV<°°{s) C J!^(t) 



16 



or k; v){t) D EV<°^{s) C L<°°(S, k; v) \ J^{t)}. 

The family TZ satisfies the conditions (i) (by the above arguments) and (ii) (obviously) 
of Lemma [2.61 Hence, there exists Ui -< w such that (t, s) & TZ for all t G EV{ui) and 

S -< Ml — t. 

Let J^i = {te EViui) : L«(S, k- v){t) n EV<°°{ui - t) C J^{t)}. 

We use the induction hypothesis for ^ = 1 (Theorem II ■41) . Then there exists a variable 

extraction -u ^ -ui of ui such that 

either EV{u) C J^i, or EV{u) C L(S, fc; t;) \ J^i. 

Since u -< -ui we have that £'l^(?2) C £'\/(ui), and, consequently, that it,u — t) E 71 for 

all t e E\/(m). Thus 

either L^{J:,k;v){t)nEV<°°{u-t) C J!^(t) for all t E EV{u), 

or L«(S, k; v){t) f] EV<^{u - t) C L<°°(S, k; v) \ J^{t) for all t G ^^(m). 

Hence, 

either L«(S, A^; t;) n EV<'^{u) C J^^, or L«(S, fc; t;) n EV<°°(m) C L<°°(S, A^; t;) \ J^. □ 

Remark 2.7. (i) The particular case of Theorem 12.51 for k = {kn)nen ^ with fc„ = ki 
for every n G N gives an extended to every countable ordinal ^ Ramsey type parti- 
tion theorem for variable located words over a finite alphabet, which in turn contains 
Bergelson-Blass-Hindman's Ramsey type partition theorem (Theorem 5.1 in |BBHj ) as 
the special case ^ a finite ordinal. 

(ii) The case fc„ = 1 for every n G N of Theorem 12.51 implies the block Ramsey partition 
theorem for every countable ordinal ^ proved in |FNlj (Theorem 1.6), which in turn 
contains Milliken- Taylor's partition theorem ([M], [1]), as the special case < uj. 

Analogously to Theorem 12.51 can be proved the following extended to every countable 
order Ramsey type partition theorem for cj-located words. 

Theorem 2.8 (Ramsey type partition theorem on Schreier families for tu-located words ). 

Let ^ > 1 5e a countable ordinal, S = {ai, a2, ■ ■ ■} be an infinite countable alphabet, v ^ H 
a variable and k = {kn)nm ^ N an increasing sequence. For every family Q C L^°°(S, k) 
of finite orderly sequences of uj-located words and every infinite orderly sequence w G 
L°°(S, k\ v) of variable uo-located words there exists an extraction u -<w ofw over S such 
that either L^{J:, k) n E<^{u) C Q, or L«(S, k) n E<^{u) C L<°°(S, k) \ g. 

Corollary 2.9 (Ramsey type partition theorem for c<j-located words). Let m G S = 

{ai,a2)---} be an infinite countable alphabet, v ^ Tj a variable, k = (A;„)„gN C N an 
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increasing sequence, r, s G N and w G L°°(S, k\ v). If k; v) = Ai U ■ ■ ■ U Aj. and 

k) = CiU - ■ - UCs, then there exist an extraction u -< w ofw over S and I < io < r , 
1 ^ Jo ^ such that 

{{zi, . . . , z™) G L<°°(S, k; v)) ■.zi,...,Zme EV{u)} C A^,, and 

{{z,,...,z^)eL<^iJ:,k):zi,...,z^eE{u)}CCj,. 

From Corollary 12.91 we can derive, for every m G N, a strong m-dimensional parti- 
tion theorem for semigroups, via the function g : L(N,k) X with g{wni ■ ■ - Uim) = 
Yl\=iyw„.,ni (see the remarks before Corollary II .Gp . In case of commutative semigroups 
an analogous result has been proved by Beiglbock (Theorem 1.1 in [Be] ) . For a set X we 
denote by [X]™ the set of all the subsets of X with exactly m elements. 

Corollary 2.10. Let {X,+) be a semigroup, k = {kn)n&N C N an increasing sequence, 
{yi,n)nGN for cvcry I G N, sequences in X and m G N. // [X]™ = Ai U . . . U Ar, r G N, 
then there exists w = (w„)„gN ^ L°°(N, k; v) with w'^n,w^n E N if Wn = w'^n . . .w^n for 
every n G N and there exists I < io ^ r such that 

{{g{zi), g{zj) G [X]™ : (zi, . . . , z„) G L<-(N, k), z^, . . . , z^ e E{w)} C A^,. 

Corollary 2.11 (c<j-Ramsey type partition theorem for cu-located words). LetH = {ai, a2, ■ ■ ■} 
be an infinite countable alphabet, t; ^ S a variable, k = {kn)neN C N an increas- 
ing sequence, r, s G N and w G L°°(S, A;; d). If L^°°{J],k;v) = Ai U ■ ■ ■ U Ar and 
L^°°(T,,k) = Ci U ■ ■ ■ U Cs, then there exist an extraction u w of w over S and 
^^io^'r,\<iQ<s such that 

{{zi, . . . , Zn) G L<°°(S, fc; v)) : n G N, min dom{zi) = n and Zi, . . . ,Zn G EV{u)} C Ajg, 
{{zi, . . . , Zn) G L^°°(T,, k)) : n E N, Tcim. dcmn{zi) = n and Zi, . . . , z„ G E{u)} C Cj^. 

As a consequence of Corollary 12. 1 II we have the following. 

Corollary 2.12. Let (X, +) be a semigroup, k = {kn)nm C N an increasing sequence 
and {yi,n)n€N for every I G N, sequences in X. If [X]^q = AiU . . .U A^., r G N, then 
there exists w = (w„)neN G L°°(N, k; v) with w^n,w^n G N z/ w„ = . . . w^n for every 

^1 ^1 ^In 

n eN and there exists I < io < r such that 

{{g{zi), g{zn)) G [X]<^ : n G N, (zi, . . . , z„) G L<-(S, k) with 
min dom{zi) = n, Zi, . . . , Zn E E{td)} C Aj^. 
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We will give now a Ramsey type partition theorem for unlocated tu-words, as a corollary 
of Theorem I2.5[ extending Furstenberg and Katznelson's partition theorem ( |FuK] ) . for 
words over a finite alphabet. 

Let m G N, S = {«i,a2, •••} an infinite countable alphabet, k = {kn)nm C N an 
increasing sequence, v ^ T, a, variable and w = {wn)nm £ k; v). 

W^™'(S, k;v) = {u= {ui, . . . , Urn) ■■ ui < ■ ■ ■ < Urn e W{T., k; v)}, and 
W"'{j:,k) = {u= :mi <---<Ume w{j:,k)}. 

An element u = {ui, . . . , Um) of iy"(S, k; v) is a reduced m-sequence of variable uj-words 
of w if there exist = Ai < A2 < ■ ■ ■ < A^+i G N U {0} such that for every \ <i <m 

where, for A^ + 1 < j < A^+i, G N U {0}, < pj < kj and G {px^+i, . . • ,Pa,+i}- 

The set of all the reduced m-sequences of variable cj-words of w is denoted by RV"^{w). 

An element u = {ui, . . . , Um) of k) is a reduced m-sequence of uj -words of if 

there exist = Ai < A2 < ■ ■ ■ < Am+i G N U {0} such that for every 1 <i <m 

where, pj E N, 1 < pj < kj for every Aj + 1 < j < A^+i. 

The set of all the reduced m-sequences of variable c<j-words of w is denoted by BJ^{w). 

Theorem 2.13 (Ramsey type partition theorem for cu-words). Let m G N, S = {ai, 0:2, . . .} 
he an infinite countable alphabet, v ^ H a variable, k = (A;„)„eN C N an increasing 
sequence, and r, s G N. // k;v) = Ai U ■ ■ ■ U Ar and k) = Ci U ■ ■ ■ U Cs, 

then there exist and w = {wn)nm £ W°°{T,, k; v) and 1 < io < r, 1 < jo < s such that 

RV^iw) C Ai^ and R^{w) C Cj^. 

Proof. Let the function / : L(S U {v},k) — > U {v},k) with ...w„J = 

Ui...Uni G W{J1 U {v},k) where m„^. = m„^. for every I < j < I and Ui = ai for 
every i G {!,...,«;} \ {n^- : 1 < j < /}. We define / : L™(S,A^;t;) U L™(S,A^) — ^ 
iy'"(S, fc; v) U iy™(S, ^) with f{{w^, wj) = {f{w,), f{wm)). 

According to Corollary 12.91 there exist an infinite sequence s = {sn)n& ^ L°°{T,, k;v) 
and 1 < io < r, 1 < jo < s such that 

{(zi, . . . , z„) G L<-(S, k;v)):z,,...,Zme EV{s)} C /-^(A.J, and 

{(zi, . . . , G L<-(S, fc) : zi, . . . , z„ G C /-^(C.J. 

Set Wn = f{sn) for every n e N and w = {wn)nm e k; v). Then i?l^™(uJ) C Ai^ 

and i?™(tZ;) C C^,,. □ 
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3. Partition theorems for sequences of variable cu-located words 

The main result of this Section is Theorem 13.121 which strengthens the extended 
Ramsey type partition theorem for variable tu-located words (Theorem 12.51) in case the 
partition family is a tree. Specificaly, given a partition family T C L^°°(S, /c; i;) of fi- 
nite orderly sequences of variable cj-located words over an alphabet S = {ai,a2,...} 
dominated by a sequence k = (/i;„)„,gN ^ N and ^ < cui, Theorem 12.51 provides no infor- 
mation on how to decide whether the homogeneous family falls in or in its complement 
L*-°°(E, k; v) \ JF, while Theorem 13.121 in case the partition family is a tree provides 
a criterion, in terms of a Cantor-Bendixson type index of JF, according to which we can 
have such a decition. 

Using Theorem 13.121 we obtain a partition theorem for infinite orderly sequences of 
variable cj-located words (Theorem 13. 14p . which, can be said to be a Nash- Williams type 
partition theorem for variable a;-located words. Particular cases of Theorem 13.141 are 
Bergelson-Blass-Hindman's in |BBH] (Theorem 6.1) for variable located words over a 
finite alphabet and Carlson's theorem (Theorem 2 in ^) for variable words over a finite 
alphabet. 

As a consequence of Theorem 13.141 we prove, in Theorems 13.181 and I3.19[ partition 
theorems for infinite sequences in a commutative and in a noncommutative semigroup, 
respectively, which are strong simultaneous extentions of the infinitary partition theorem 
of Milliken [M] , Taylor [T] and van der Waerden jvdW] for general semigroups. 

Notation. Let S = {ai, a2, . . .} be an infinite countable alphabet, w ^ S a variable and 
k = {kn)neN C N. A finite orderly sequence w = {wi, . . . , wi) G L<°°(S, k; v) is an initial 
segment of u = (mi, . . . , Uk) G L<°°(S, A;; i;) iff / < A; and Wi = Ui for every i = 1, . . . ,1 
and w is an initial segment of m = (M„)„gi^ G L°°(S, k; v) if Wi = Ui for alH = 1, . . . , /. 
In these cases we write w oc u and w oc u, respectively, and we set u\ w = (m^+i, . . . , Uk) 

and M \ W = {Un)n>l- 

Definition 3.1. Let S = {ai, 0^2, . . .} be an infinite countable alphabet, t; ^ S a variable, 
k = {kn)nen C N and C L<°°(S, k; v). 

(i) JF is thin if there are no elements w, u G JF with w oc u and w 7^ u. 

(ii) jr* = {w G L<°°(E, k;v) -.w (xu for some u G JF} u {0}. 

(iii) jF is a tree if jF* = jF. 

(iv) J^^ = {w e L<~(S, k]v) -.w e EV<°°{u) for some u G J^} U {0}. 

(v) jF is hereditary if JF^ = jF. 
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Proposition 3.2. Every family k; v), for ^ < Ui is thin. 

Proof. It follows from the fact that the families are thin (cf. [F3j ) (which means that 
if s, t G and s (xt, then s = t). □ 

Proposition 3.3. Let ^ be a nonzero countable ordinal number, S = {ai,a2, ■ ■ ■} be an 
infinite countable alphabet, v a variable and k = [knjnen ^ Then 

(i) every infinite orderly sequence s = {sn)neN ^ L°°(T,,k;v) has canonical representa- 
tion with respect to L^{T,,k;v), which means that there exists a unique strictly increas- 
ing sequence {mn)nm in N so that (si, . . . , s^J G L^{T,, k; v) and . . . , SmJ e 
k; v) for every n > 1; and, 

(a) every nonempty finite orderly sequence s = (si, . . . ,Sk) G k; v) has canon- 

ical representation with respect to k; v), so either s G {L^{T,, k; v))* \ L^{^, k; v) or 

there exist unique n G N, and mi, . . . ,m„ G N with rrii < . . . < rrin < k such that ei- 
ther (si, . . . , s„J, . . . , . . . , SmJ e k; v) and nin = k, or {si, . . . , s^J, . . . , 
(sm„_i+i, • • • , SmJ e k; v), (s„„+i, . . . , Sfe) G k; v))* \ k; v). 

Proof. It follows from the fact that every nonempty increasing sequence (finite or infinite) 
in N has canonical representation with respect to ^4^ (cf. [F3j) and that the family 
L^{T,,k;v) is thin (Proposition 13.21) . □ 

Now, using Proposition 13.31 we give an alternative description of the second horn of 
the dichotomy described in Theorem 12.51 in case the partition family is a tree. 

Proposition 3.4. Let ^ > 1 be a countable ordinal, S = {ai,a2, ■ ■ ■} be an infinite 
countable alphabet, v ^ H a variable, k = {kn)n&n C N an increasing sequence, u G 
L°°(E, k] v) and T C L<°^(S, k; v) be a tree. Then 

L^iE, k- v) n EV<'^{u) C L<°°(S, k;v)\J' if and only if 

J^r]EV<^{u) C (L«(S,A?;i;))*\L€(S,A?;i;). 

Proof Let L«(S,A?;t;) n EV<^{u) C L<°°(S,fc;i;) \ and s = {si,...,Sk) ETC] 
EV'^°°{u). Then s has canonical representation with respect to L^{J],k;v) (Propo- 
sition EJD, hence either s G {L^J:,k;v))* \L«(S,A; ]v), as required, or there exists 
Si G L^(T,,k;v) such that Si oc s. The second case is impossible. Indeed, since is 
a tree and s G fi EV'^°°{u), we have Si G fi EV'^^{u) fl -L^(S, k;v); a contradiction 
to our assumption. Hence, JF n EV<°°{u) C (L«(E, k; v))* \ L«(S, k;v). □ 
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Definition 3.5. Let S = {ai, a2, . . .} be an infinite countable alphabet, ordered accord- 
ing to the natural numbers, t; ^ S a variable and k = (/i;„)„gN ^ N. We set 

D = {{n, a) : n e N, a e {v , ai, ^2, • • • , ttfc„}}- 
Note that D is a countable set. Let [D]"^'^ be the set of all finite subsets of D. Identifing 
every s G L{Il,k;v) with the corresponting element of [D]^'^ and consequently every 
s G L^°°{Ti,k;v) and every s G L°°{Ti,k]v)) with their characteristic functions Xo-(s) G 
{0, Ijl-^l^"^ and Xa{s) £ {0, respectively, where a{s) = {si, . . . , Sk} for every s = 
(si, . . . , Sfc) G k; v), cr^s) = {s„ : ri G N} for every s= ^ L'^iT,, k; v) and 

o-(0) = 0, we say that a family JF C L'^°°(S, A;; v) is pointwise closed iff the family {^^-(s) : 
s G JF} is closed in the product topology (equivalently by the pointwise convergence 
topology) of {0, Ijl-^l^"^ and in analogy a family U C L°^(Tj,k;v) is pointwise closed iff 
{xa(g) : s G W} is closed in {0, l}!^!^"^ with the product topology. 

Proposition 3.6. Let S = {ai,a2, ■ ■ ■} be an infinite countable alphabet, v ^ H a 
variable and k = {kn)nm ^ N. 

(i) If J-" ^ k; v) is a tree, then T is pointwise closed if and only if there does 
not exist an infinite sequence (s„)„gN in T such that s„ oc s„_|_i and s„ ^ s„_|_i for all 

G N. 

— * 

(ii) If T L<°°(S, k\ v) is hereditary, then T is pointwise closed if and only if there 
does not exist s G L^{Tj,k;v) such that EV'^'^{s) C JF. 

(iii) The hereditary family {L^iT,, k; v)nEV^°°{u))^: is pointwise closed for every count- 
able ordinal and u E L°°{T,,k]v). 

Proof. This follows directly from the definitions (for details cf. |F3j . [FNl] ). □ 

Let s G k] v). For a hereditary and pointwise closed family JF C L<'^(S, k; v) 

we will define the strong Cantor-Bendixson index sOg{J^) of with respect to s. 

Definition 3.7. Let S = {ai, ^2, . . .} be an infinite countable alphabet, t; ^ S a variable, 
k = {kn)neN C N an increasing sequence, s G L°°(S, fc; t;) and let JF C L^°°(T,,k;v) be 
a hereditary and pointwise closed family. For every < ui we define the families (JF)1 
inductively as follows: 

For every w = {wi, . . . , Wi) G JF fi EV^°°{s) we set 

v4w = {t G EV{s} : {wu...,wi,t) ^ T} and A^ = {tE EV{s) : (t) ^ T}. 
We define 

(JF)1 = {w G JF n EV'^'^is) U {0} : does not contain an infinite orderly sequence }. 
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It is easy to verify that {J-')\ is hereditary, hence pointwise closed (Proposition 13. 6p . So, 
we can define for every ^ > 1 the ^-derivatives of recursively as follows: 

= ((^)J)i for all C < oou and 
= f]ij^^{^)§ for ^ a limit ordinal. 

The strong Cantor-Bendixson index sOg{T) of JF on s is the smallest countable ordinal 
i such that (JF)J = 0. 

Remark 3.8. Let s E L°°{T.,k]v) and let JFi,7^i,C L^°^{T.,k;v) be hereditary and 
pointwise closed families. 

(i) sOg{J-'i) is a countable successor ordinal less than or equal to the "usual" Cantor- 
Bendixson index O(J^i) of J^i into {0,1}[^1^" (cf. [KM]). 

(ii) sOgiJ^,nEV<^is}) = sOK-Fi). 

(iii) sOg{J^i) < sOsiTZi) if J^i C 7^l. 

(iv) If si ^ s and w G then for every Wi G EV^'^{si) such that 0"(wi) = 
(t(w) n EV{si) we have that wi G (JF^)! , since EV{si) C 

(v) If si -< s, then sOg^{J-'i) > sO^(jFi), according to (iv). 

(vi) If cr(si) \ a{s) is a finite set, then sOg^{J-'i) >sOg{J-'i). 

The corresponding strong Cantor-Bendixson index to L^(S, /c; i;) is equal to ^ + 1, with 
respect any sequence s G L°^(S, /c; w). 

Proposition 3.9. Lei ^ < cui 6e an ordinal, S = {ai,a2,...} he an infinite countable 
alphabet, v ^ T, a variable, k = (fc„)„gN C N an increasing sequence and s G L°°(S, fc; d). 

sO,-, (^(i:«(S, fc; t;) n EV<~(s))*) =^ + 1 for every Si -< s. 

Proof. The family {L^(J], k; v) fl EV'^°°{s))^ is hereditary and pointwise closed (Proposi- 
tion ES])- We will prove by induction on ^ that (^(L«(S, k; v) n EV<'^{s))^^ ^ = {0} for 
every Si ^ s and ^ < lj^. Since {L\J:,k;v)nEV<'^{s))^ = {{t) : t G ^l^(s)} U {0}, we 
have (^{L\J:, k; v) n EV<'^{s))^^ ^ = {0} for every si -< s. 

Let ^ > 1 and assume that ({L^{E,k;v) H EV<°°(s)),)^ = {0} for every Si ^ s and 
C < ^. For every t G EV{s) with min (iom(t) = n, according to Proposition 12. 4[ we have 

{L^{i:,k;v) n EV<^{s)){t) = L^-{J:,k;v) f] EV<'^{s - t) for some < ^• 

Hence, for every si -< s'and t G EV{si) with mint = n we have that 
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This gives that (t) G (^{L^{J:,k]v)nEV<^{s)),y\ So, G (^{L^{J:,k;v)nEV<°^{s)),y^ , 

since if ^ = C + 1, then (t) G A^; v) n EV<°^(s))*)^^ for every t G ^^^(si) and if ^ 

is a hmit ordinal, then G A;; v) fl j for every n G N and sup ^„ = ^. 

If {0} ^ n E\/<°^(s))* for si ^ s, then there exist S2 -< Si and s G 

EV{s2) such that A?; v)nEV<^{s)){s)^^ ^ (see Theorem 1.18 in [F2]). This is 

a contradiction to the induction hypothesis. Hence, (^{L^{T,,k;v)r\EV^°°{s))^^ = {0} 
and sO,-,((L«(S, fc; v) H EV<°°{s))^) = ^ + 1 for every ^ < cui. □ 

Corollary 3.10. Let ^1,^2 be countable ordinals with < ^2 and w G L°°(T,,k;v). Then 
there exist u ~< w such that 

{L^'{i:,k;v)),nEV<°^{u) C {L^^{j:,k;v)y \ L^^{E,k;v). 

Proof. The family /c; i;))^, C A;; t;) is a tree. According to Theorem 12.51 

and Proposition 13.41 there exists u ^ w such that: 

either L^^{E,k;v)nEV<°°{u) C A?; 

or {L^'{J:,k;v)),nEV<'=^{u) C {L^^{j:,k;v))* \ L^^{J:,k;v). 
The first alternative of the dichotomy is impossible, since, according to Proposition 13.91 
^2 + 1 = s0^iiL^^{j:,k;v)nEV<'^iu)),) < sO„^((L«i(S,fc;t;)),) =^1 + 1. □ 

The following Theorem 13.121 the main result in this Section, refines Theorem 12.51 in 
case the partition family is a tree. 

Definition 3.11. Let C k; v) be a family of finite orderly sequences of variable 

cij- located words over an infinite countable alphabet S, ordered according to the natural 
numbers, dominated by an inccreasing sequence k = {kn)nen ^ N. We set 
jr^ = {w G : EV<°^(w) C J^^} U {0}. 

Of course, J-'h is the largest subfamily of JF U {0} which is hereditary. 

Theorem 3.12. Let S = {ai, 02, ■ ■ ■} be an infinite countable alphabet, v ^ J2 a variable, 
k = {kn)nm C N an increasing sequence, T C A;; a family of finite orderly 

sequences of variable u-located words which is a tree and w G L°°{'E, k;v) an infinite 
orderly sequence of variable uj-located words. Then we have the following cases: 
[Case 1] The family Th H EV'^'^[w) is not pointwise closed. 
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Then, there exists u ~< w such that EV^°°{u) C JF. 
[Case 2] The family Th H EV'^'^{w) is pointwise closed. 
Then, setting 

= sup{sOi£{J^h) -.u ^w} , 

which is a countable ordinal, the following subcases obtain: 

2(i) If ^ + 1 < , then there exists u ^ w such that 

L^{E,k;v)nEV<°°{u) C T ; 

2(ii) if + 1 > > then for every wi ^ there exists u wi such that 
L«(S, k; v) n EV<^{u) C L<~(S, k; v) \ J^; 
(equivalently T n EV<^[u) C k; v))* \ L^i^, k; v) ) ; and 

2(m) if i + ^ = or ^ = , then there exists u w such that 

either L^{j:,k;v)r]EV<°^{u) CJ' or L^{J:,k;v)nEV<°°{u) C L<°°{J:,k;v)\J^. 

Proof. [Case 1] If the hereditary family J^h H EV^°°{w) is not pointwise closed, then, 
according to Proposition 13.61 there exists u G L°°{T,,k;v) such that EV^'^^u) C jF/j fi 
EV^°°{w) C JF. Of course, u -< w. 

[Case 2] If the hereditary family J^h H EV^°°{td) is pointwise closed, then is a count- 
able ordinal, since the "usual" Cantor-Bendixson index 0{J^h) of J^h into {0, Ijl^l^'^ is 
countable (Remark I3.8( i)) and also sO^^J-'h) < 0{J-'h) for every u w. 

2(i) Let ^ + 1 < C^. Then there exists ui ^ w such that ^ + 1 < sOa^i^Th)- According 
to Theorem 12.51 and Proposition 13. 4[ there exists u -< ui such that 

either L«(S, k; v) n EV<^{u) ^^Tk^T, 

or Th n EV^'^iu) C fc; v))* \ fc; v) C (L«(S, fc; v))* C (L«(S, fc; v))^. 

The second alternative is impossible. Indeed, if Th H EV'^'^{u) C A;; d))*, then, 

according to Remark 13.81 and Proposition 13. 9[ 

sO^,{Ty:) < sOu{rh) = sO^{J^HnEV<^{u)) < sO^{{L^^,k;v)),)=^ + l; 
a contradiction. Hence, k; v) fl EV^°°{u) C JF. 

2(ii) Let ^ + 1 > ^ > C^^ ^-nd t^i -< w. According to Theorem 12. 5[ there exists ul -< tvi 
such that 

either L'^S (E, k; v)nEV<'^{ui) C J^f,, or L<S (E, A?; t;) nEV<°°(Mi) C L<~(E, A?; t;) \ J^,,. 
The first alternative is impossible. Indeed, if A;;i;) fl EV^°°{ui) C jF/j, then, 

according to Remark 13.81 and Proposition 13. 9[ we have that 
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a contradiction. Hence, 

(1) L^^ (S, k; v) n EV<°°{ui) C L<°°(E, fc; v)\Th ■ 

According to Theorem I2.5[ there exists u -<ui such that 

either A?; t;) nEl^<°°(M) C J^^, or A^; i;) n El^<°°(u) C L<°°(S, A?; t;) \ J^. 

We claim that the first ahernative does not hold. Indeed, if /c; v) fl ii^l^^°°(-u) C JF, 
then A;;t;) fl -E'V^^°°('u))* C JF* = JF. Using the canonical representation of every 

infinite orderly sequence of variable located words with respect to L^(S,A;;i;) (Proposi- 
tion 13. 3p it is easy to check that 

k] v)Y n EV<'^{u) = k; v) f] EV<^{u)Y . 

Hence, (L«(S, k- v))* n EV<^{u) C J^. 

Since ^ > C^J^, according to Corollary 13.101 there exists t -< -u such that 

(L^^ (S, k- v)), n EV<°°(r) C fc; t;))* n EV<°°(m) C J^. 

So, (S, k] v))^ n _E'y^°°(t) C jF/j. This is a contradiction to the relation ([1]). Hence, 
L^{T.,k-v)r}EV<^{u) C L<°°(S,A^;t;)\J^andJ^nEV<~(M) C A?; A^; t;). 

2(iii) In the cases = ^ + 1 or = ^, we use Theorem 12.51 □ 

The following immediate corollary to Theorem 13.121 is more useful for applications. 

Corollary 3.13. Let S = {ai, a2, . . .}, t; ^ S, k = {kn)nm C N an increasing sequence, 
jr ^ /,<°°(X1, A;; i;) which is a tree and let w G A;; i;). T/ien 

(i) either there exists u ~< w such that EV'^°°{u) C JF, 

(ii) or for every countable ordinal ^ > there exists u -< w, such that for every 
Ui -< u the unique initial segment of Ui which is an element of L^{Ti, k; v) belongs 
to L<°°(S, A^;t;) \ J^. 

Theorem 13.121 implies the following Nash- Williams type partition theorem for variable 
cu-located words. 

Theorem 3.14 (Partition theorem for infinite orderly sequences of variable (X'-located words). 

Let S = {ai, a2, ■ ■ ■} be an infinite countable alphabet, v ^ a variable, k = {kn)neN ^ N 
an increasing sequence. IflA C L°°(E, k; v) is a pointwise closed family of infinite orderly 
sequences of variable u-located words and w G L°°(S, k; v) an infinite orderly sequence of 
variable oj-located words, then there exists u w such that 
either EV°°{u) C U, or EV°°{u) C L~(E, k; v) \ U. 
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Proof. Let J-'u = {w G L^'^iT,, k;v): there exists s E U such that w oc s}. Since the 
family J-^u is a tree, we can use Corollary 13.131 So, we have the following two cases: 
[Case 1] There exists u^w such that EV<'^{u) C T^. Then, C U. Indeed, if 

£ = {zn)nm ^ -E'V"°°(?2), then (zi, . . . , z^) G JF^ for every G N. Hence, for each n G N 
there exists a„ G W such that (zi, . . . , z„) oc s„. Since lA is pointwise closed, we have that 
z eU and consequently that EV^iu) C W. 

[Case 2] There exists u -< w such that for every ui -< u there exists an initial segment of 
ui which belongs to L<°°(S, k; v) \ Tu- Hence, EV^iu) C L°°(S, fc; t;) \ W. □ 

Remark 3.15. (i) The particular case of Theorem 13 ■14[ where the sequence k = {kn)nm ^ 
N satisfies the condition kn = ki for every n G N, implies Bergelson-Blass-Hindman's 
Theorem 6.1 in [BBHj . while the case fc„ = 1 for n G N of Theorem 13.121 coincides with 
Theorem 4.6 in [FNlj . 

We will give now a partition theorem for infinite orderly sequences of unlocated u- 
words, as a consequence of Theorem 13.141 We set 

Vr°°(S, k; v) = {w = {wn)nm ■ Wn G v) and w„ < Wn+i V n G N}. 

For u G W°°{Tj, k; v) we define 

RV^{u) = {w= {wn)nm e W°°{J:, k; v) -.WnE RV{u) y neN}. 
We say that a family U C W^lT,, k;v) is pointwise closed iff {xcr{s) '■ s G U} is 
closed in {0,1}'^'^" with the product topology, where D = {{n,a) : n G N, a G 
{v, ai, ^2, . . . , and if s = e k; v), then G {0, Ijl-^l'"" is the 

characteristic function of the subset a{s) = {sn : n G N} of [Z}]^'^. 

Theorem 3.16 (Partition theorem for infinite orderly sequences of variable cj-words). Let 

S = {ai, a2, . . .} be an infinite countable alphabet, v a variable and k = {kn)n& ^ N 
an increasing sequence. IfU'O W°°{Ti, k;v) is a pointwise closed family of infinite se- 
quences of variable uo-words and w G W°°{Tj, k; v) an infinite orderly sequence of variable 
u-words, then there exists a reduction u = {UnjneN of w such that 
either RV^{u) C U, or RV°°{u) C k; v) \ U. 

Proof. Let : k; v) RV^{w) C k; v) be the function with 0((t„)„gN) = 

(w„)„gN) where, for tn = t^ . . . t^n+i every n G N and Ai = 0, we define for n G N 

where for A„ + 1 < j < A„+i, pj = if t" = t; and pj = /i if = for 1 < < kj. 
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Let the function / : L(S U {v}, k) — > W(T, U {v}, k) which sends s = . . . G 
L(S U {v}, k) to f{s) = ti...tn, e W{J: U {v}, k) where ^. = s„^. for every I < j <l 
and ti = ai for every i G {1, . . . , n;} \ {rij : 1 < j < /}• Also, let 

/ : ^; t;) ^; t;) with /((s„)„eM) = (/(s„))„gN. 

The family C L°°(Ti,k;v) is pointwise closed, since the functions 0,/ are 

continuous. So, according to Corollary 13. 14[ there exists s = {Sn)neN £ L°°(T,,k;v) such 
that either EV^is) C /-i(0-i(W)), or C L^{j:,k;v) \ f~\(t)-\U)). 

Set tn = f{sn) for every n G N and t = (t„)neN ^ fc; t^). Then 

either RV^ii) C (0)~HW)> or RV°^{i) C W^°°(S,f;t;) \ (0)-^^)- 

Let t„ = . . . for every neN. Set Ai = and m„ = Tp^^^^{wx„+i)-^- ■ -^^pa^+i (^a„+i) 
for every n G N, where, for A„ + 1 < j < A^+i, Pj = if t" = t; and pj = /i if = for 
some 1 < /i < kj. Then m = (Mn)neN is a reduction of w such that 

either C W, or C iy°°(S, k; v)\U. □ 

Remark 3.17. (i) Carlson's partition theorem (Theorem 2 in [C]) is the particular case 
of Theorem 13.161 where the sequence k = {kn)n£N ^ N satisfies the condition kn = ki for 
every G N. 

As a consequence of Theorem 13.141 we will state and prove partition theorems for the 
infinite sequences in a commutative and in a noncommutative semigroup, respectively, 
which are simultaneous extensions of the infinitary partition theorem of Milliken [M] . 
Taylor [T] and of van der Waerden theorem [vdW] for semigroups. For a sequence 
(x„)„gN in a semigroup (X, +), we set 

[FS{{xn)nm)Y = {{yn)nen ■ Vn € FS{{xn)nen) and Un < Vn+i for every n G N}. 
For ?/ = + . . . + x„^, 2; = + . . . + Xm, G FS[{x„)n(m) we write y < z li rix < nii. 
For a set X let = • G X}. We endow the set with the product 

topology (equivalently by the pointwise convergence topology). 

Theorem 3.18. Let (X, +) he a commutative semigroup, k = {kn)nen C N an increasing 
sequence and (y;,„)„gN for every I G N, sequences in X. IfU C X^ is a pointwise closed 
family of X^ , then there exist sequences {En)nm ^ [I^]>0' '"'^'^^ < En+i for every 
G N and {Hn)nm ^ M>0' '"'^^^ ^ En for every n G N and a sequence {I3n)nen ^ X 
with f3n = Ylj£En\Hn y'-j 'j f^'^ ^ — — such that for every function / : N — N with 
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f{n) < kn for every n G N 

etther [F^ ((/?„ + VfinuUnW ^ or [FS{iPn + EteH,. VfinuUnW ^ ^""V^- 

Proof. Let the alphabet S = {1, 2, . . .} = N, t; = and xq G X. We set ?/o, n = xq for 
every n G N and let the function g : k;v) —>■ X with 

. . . = X;!=i n, for w„i . . . G k; v). 

Let ^ : /c; t;) — > with ^((u7„)„gN) = (fi'(w„))„gN- 

The family g~^{U) C L°°(S, fc; i;) is pointwise closed, since the functions g is continuous. 
So, according to Corollary 13. 14^ there exists w = {Wn)neN ^ L°°{T,, k; v) such that 

either EV°^{w) C ^-^(W), or EV°^{w) C A?; v) \ g-^U). 

Let = Wgn . . .Wqn for every n E N. We can suppose that Wgn,Wgn G S for every 
n G N. Otherwise replace the sequence {wn)nm by the sequence where = 

Ti{w3n~i) * tt^sn * Ti(w3„+i). We Set En = {Qi : I < i < In} the domain of Wn, 
Hn = {gr e : w^n = v} and /3„ = EjG£„\i^n ^ ° 

Analogously, can be proved a partition theorem for the infinite sequences in a noncom- 
mutative semigroup. 

Theorem 3.19. Let (X,+) be a noncommutative semigroup, k = {kn)nm ^ N an in- 
creasing sequence and {yi^njnm for every I G N, sequences in X . IfU C X^ is a pointwise 
closed family of X^, then there exist sequences {En)nm ^ [N]>0' < E^+i for 

every n G N, (m„)„gN, < ■ ■ ■ < -Em^^+i such that En = E^ U . . . U -^m^+i for every 
neN, H]",..., H"^^^ with C E^ for every 1 < i < rUn, n E N and p"^, . . . , Pl^^^-^ C X 

with /5f = EiGEr\//r y^7^^ ^^^^ I < I] < kj if 1 < i < nin and 13"^^^^ = EjeB^^+i Vqj 
with 1 < < kj for every n G N, such that for every function / : N — > N with f{n) < kn 
for every n G N 



either 



or 



4. The characterization of Ramsey partitions of infinite sequences of 

variable cj-located words 

As a consequence of Theorem 13. 12l we prove, in Theorem l4.2l below. a partition theorem 
for infinite sequences of variable cj-located words stronger than Theorem 13. 141 involving a 
topology %E on the space L°°(E, k; v) stronger than the relative topology of L°°(J2, k; v) 
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with respect to the product topology of {0, l}!'^]^'^. A consequence of Theorem 14.21 (to- 
gether with Corollary 14 .Sp is the characterization of Ramsey partitions of k; v) in 
terms of the Baire property in the topology T^; (in Theorem 14. 71) . Using Theorem 14. 71 can 
be proved an analogous characterization of the Ramsey partitions of the set W°°{T,, k; v) 
of all the sequences of variable c<j-words. 

We will define below the topology %e on the space L°°(T,,k;v), an analogue of the 
EUentuck topology on N defined in ^ . 

Definition 4.1. Let S = {ai, 0^2, . . .} be an infinite countable alphabet, ^ S a variable 
and k = {kn)neN C N an increasing sequence. We define the topology %e on L°°(S, k; v) 
as the topology with basic open sets of the form: 

[t, s\ = {w E L°°{T,, k; v) : t (x w and w — t -< s } , 

where t G L<°°(S, A;; t;) and sE L°°(S, A;; t;). 

The topology %e is stronger than the relative topology of L°°(S, k; v) with respect to 
the product topology of {0, Ijl^l^'^, which has basic open sets of the form 

[t, e\ = {w e L°°(S, k;v) -.tocw} 
where e = (e„)„gN with e„ : {n} — > {v} for every n G N. 

We denote by U and the closure and the interior respectively of a family U C 
L°°(S, k;v) in the topology %e- Then it is easy to see that 

U = {w e L°°(S, k; v) : [t, w] n W 7^ for every t (x w} ; and 

= {w G L°°(S, k; v) : there exists t oc w such that [t, w] C W} . 

If t = (ti, . . . , tfc) G L<°°(S, fc; v) and s = (si, . . . , Si) G L<°°(S, fc; v) with 4 < Si, 
then we set t s = (ti, . . . , t^, Si, . . . , s^) G L<°°(E, A;; v). 

Theorem 4.2. Lei S = {«i,a25 • • •} an infinite countable alphabet, v ^T, a variable, 
k = {kn)ne'N C N an increasing sequence, lA C L°°(Jl,k]v) , t G L<°°(I1, /c; t;) anc? G 
L°°(S,fc;i;). r/ien 

either there exists u ^ w such that [t, u] C U, 

or there exists a countable ordinal ^0 = Cfi w) ■^'wc/i that for every ^ > ^0 there exists 
u^w-t with [t0s,M] ClL^{^^k-v)\U for every s e L^{J:,k;v) f] EV<'^{u). 

We will give the proof after the following lemma which is analogous to Lemma 12.61 

Lemma 4.3. Let 7^ C {[t, s] : t G L^°°{T,, k; v) and s G L°°(S, k; v)} with the properties: 
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(i) for every (t, s) G k; v) x L°°(S, k; v) there exists Si -< s such that [t, Si] G 71; 

and 

(a) for every [t,s\ eTZ and Si ^ s we have [t, Si] G TZ. 
Then, for every {t,w) G x L°°{J], k;v) there exists s G [t,w] such that 

[t s, n] eTZ for every s G — t) anc? u -< s — t. 

— * — * 

Proof. Let t = G L^°°{'Z, k;v) and w G L°°{T.,k]v). We can assume that 

ifJ — t = w. According to the assumption (i), there exists s i -< w such that [t, si] G 7?.. 
Assume that s„ -<•■■-< si G /c; t;) have been constructed and s„ = for 

every n G M. 

Set {si, . . . , Sa} = -E'V'<°^((s|, . . . , s")). According to (i), there exist s\_^^ -< s„ — s" 
such that [t Si,s'^_,_]^] G TZ, s^j^^ -< sl^_^i such that [t S2, s^+i] G 7?., and finally 
Sn+i -< Sn+\ ^ 4 - such that [t Sa, s'^+i] G 7^. Set 4+1 = s^+i = (sr+^)ieN- Then, 
according to (ii), [t Sj, s„+i] G 7^ for every 1 < z < A. 

Set s = {ti,...,tk,s\,sl,...) G L°°(S, A;;t;). Then s G [t,w]. Let s G £;V^<°°(s - t) 
with s ^ 0. If no = min{n G N : s G EV<^{{s\, . . . , s^^))}, then [t s, Sn^+i] ^ 7^. Let 
u -< s — t. Then [t s, m] = [t s, u — s^]]] G 7^, according to assumption (ii). If s = 0, 
then [t, si] G 71, hence [t, u\ eTZ. □ 

Proof of Theorem\l^ Let U C L°°(S, fc; t;), t G L<°°(S, k- v) and uJ G A?; i;). Set 

7^^^ ={[w, s] : (w, s) G L<°°(S, A?; t;) x A^; t;) and 

either [w, s] fl W = or [w, Si] H W 7^ for every Si -< s } . 

It is easy to check that 7Zu satisfies the assumptions (i) and (ii) of Lemma 14.31 hence, 
there exists wi G [t, w] such that [t s, wi] G 7Zu for every s G EV^^iwi — t). Set 

J'^ = {s G EV^^iwi - t) : [t s, W2] n W ^ for every W2 -< Wi} . 

The family JF is a tree. Indeed, let s G and Si oc s. Then [t Si,?Ui] G 7Zu, 
since Si G -E'l^"^°°(wi — t). So, either [t Si,wi] fl W = 0, which is impossible, since 
[t s, Wi] n W 7^ 0, or [t Si, W2] n W 7^ for every -< Wi. Hence, Si G JF. 

We use Theorem 13. 121 for JF and Wi —t. We have the following cases: 
[Case 1] There exists u -< wi — t -< w such that EV'^'^{u) C JF. This gives that 
[t s, Ui] n W 7^ for every s G -E'V^°°(m) and Mi -< m, which implies that [t, u\ C 
[Case 2] There exists a countable ordinal ^0 = C]^sw) ^^^^^ ^^^^ fo^ every ^ > ^0 there 
exists M^iiJi-t^uJ-t with L«(S,fc;i;) n EV<°^{u) C L<°°(S, A;; i;) \ JF. Then 
[t * s, m] C L°°(S, k;v)\U for every s G L«(S, k; v) H EV<'^{u). □ 
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Applying Theorem 14.21 to partitions U that are closed (the pointwise closed families 
are included in this class) or meager in the topology T^;, we consider the following 
consequences. 

Corollary 4.4. LetU he a dosed subset ofL'^{T., k; v) for the topology %e, t G L<°°(S, k; v) 
and w & L°°{Tj,k;v). Then 

either there exists u -< w such that [t, u\ C U, 

or there exists a countable ordinal C,o = C^sw)' that for every ^ > there exists 

u^w-t such that [tOs,^] C L°°{i:,k;v) \U for every s e L^{i:,k;v) n EV<^{u). 

Corollary 4.5. LetU be a subset of L°°{T,, k; v) meager in the topology %e, t G L^°°(S, k] v) 
and w G L°°{'E, k;v) . Then, there exists a countable ordinal C,o such that for every 
C, > C,o there exists u ^ w — t such that [t Q s,u] C L°°{T,,k]v) \ lA for every s G 
L^{T,,k■,v)f^EV<^{u). 

Proof. We apply Theorem 14.21 for U. We will prove that the first alternative of the 
dichotomy is impossible. Indeed, let -u -< w such that [t,M] <ZU. li U = IJneN^" with 
{Un)^ = for every n G N, then we set 

7^ ={[w,s] : w G L<°°(S,fc;t;), s E L'^{i:,k;v) and 

[w, s] n Wfe = for every k eN with k < |w|} ; 

where |w| denotes the cardinality of the set cr(w). 

The family TZ satisfies the conditions (i) and (ii) of Lemma 14.31 Indeed, according 
to Theorem 14. 2[ for every w G L^°°(S, fc; t;), s G L°°{I1, k;v) and k E N there exists 
Si -< s such that [w, si] fl = 0, as it is impossible [w, si] C U^. Thus 71 satisfies (i) 
and obviously satisfies (ii). Hence, there exists Ui E [t,u\ such that [t 8,^1] G TZ for 
every s G EV<'=^{ui - t). Then, [t,Mi] n W = 0. Indeed, let U2 E [t,ui] nU. Then, 
U2 E [t, Ml] n Uk for some k eN. Hence, there exists s G EV'^°°{ui — t) with t s oc M2, 
k < |t s| and [t s,ui] fl 7^ 0. Then, [t s,ui] ^ 71. A contradiction, since 
s G EV'^°°{ui - t). Thus, [t, Ml] n W = and consequently Ui ^ U. But Ui E [t, u] C W, 
a contradiction. Hence, the second alternative of Theorem 14.21 holds for U. □ 

Definition 4.6. A family U C L°°[Ti,k;v) of infinite orderly sequences of variable u- 
located words is called completely Ramsey if for every t G L"^°°(S, k; v) and every w E 
L°°(S, k; v) there exists u w such that 

either [t,u]CU or [t,u] C L°°{J:,k;v) \ U . 
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A consequence of Theorem 14.21 is the characterization of completely Ramsey families 
of infinite orderly sequences of variable cu-located words. 

Theorem 4.7. Let S = {ai,a2, ■ ■ ■} be an infinite countable alphabet, v ^ H a variable 
and k = {kn)nm C N an increasing sequence. A family lA C is completely 

Ramsey if and only ifU has the Baire property in the topology %e- 

Proof. Let U C A;;i;) have the Baire property in the topology %e- Then U = 

BAC = {Bn U (C n B"), where B C L°°(E, k] v) is l^j-closed and C C L°°(S, k- v) is 
T£;-meager (C^ = A;; t;) \C). Let t G L<°°(S, A;; i;) and w G L°°(S, fc; i;). According 

to Corollary 14.41 and Proposition 13. 3[ there exists ui ^ w such that [t, ui\ C and 
according to Corollary 14.51 there exists u -< ui such that 

either [t, m] C i3 n [t, mi] C S n C W or [t, u] C B^ r\ [t, ui] CB^nC^C W. 
Hence, lA is completely Ramsey. 

On the other hand, if lA is completely Ramsey, then lA = U {U\ lA^) and lA \ lA^ is 
a meager set 'm.%E- Hence lA has the Baire property in the topology %e- D 
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